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Abstract

The (P–o) method is a model-based approach developed for determining the instantaneous friction
torque in internal combustion engines. This scheme requires measurements of the cylinder gas pressure, the
engine load torque, the crankshaft angular displacement and its time derivatives. The effects of the higher
order dynamics of the crank-slider mechanism on the measured angular motion of the crankshaft have
caused the (P–o) method to yield erroneous results, especially, at high engine speeds. To alleviate this
problem, a nonlinear sliding mode observer has been developed herein to accurately estimate the rigid and
flexible motions of the piston-assembly/connecting-rod/crankshaft mechanism of a single cylinder engine.
The observer has been designed to yield a robust performance in the presence of disturbances and modeling
imprecision.

The digital simulation results, generated under transient conditions representing a decrease in the engine
speed, have illustrated the rapid convergence of the estimated state variables to the actual ones in the
presence of both structured and unstructured uncertainties. Moreover, this study has proven that the use of
the estimated rather than the measured angular displacement of the crankshaft and its time derivatives can
significantly improve the accuracy of the (P–o) method in determining the instantaneous engine friction
torque.
r 2005 Elsevier Ltd. All rights reserved.
see front matter r 2005 Elsevier Ltd. All rights reserved.
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Nomenclature

Ai, mi cross-sectional area and mass of the
ith beam element, respectively

D, d1 cylinder bore diameter and journal
bearing diameter, respectively

EIi;GJi flexural rigidity and torsional stiffness
of the ith beam element, respectively

F rm, F rv represent the friction forces stemming
from the boundary-mixed and the
hydrodynamic lubrication regimes of
the piston rings, respectively.

F sk friction force due to the hydrody-
namic lubrication regime of the piston
skirt.

Fvt friction force of the valve train.
F
�
ðq
�

; _q
�

Þ vector containing inertial, stiffness
and gravitational acceleration terms

g, r gravitational acceleration and den-
sity, respectively

Ī j inertia tensor of the jth rigid body
ðI
�
; J
�
;K
�
Þ unit vectors along the axes of the

inertial coordinate system
Li, Lskirt length of the ith beam element and

the piston skirt, respectively
Mðq
�

Þ inertia tensor in the detailed model
of the crank-slider mechanism

ncrg, nvalve number of compression rings and
valves, respectively

Pgas, Pe;crg cylinder gas pressure and elastic
pressure of the compression ring,
respectively

Q
�

NC nonconservative generalized force
vector

SL, wcrg valve spring load and average width
of the compression ring, respec-
tively

Ta friction torque of the auxiliaries
and unloaded bearings

Tf engine friction torque generated by
the detailed model of the crank-
slider mechanism

Tfa engine friction torque generated by
the (P–o) method based on y and
its time derivatives as generated by
the detailed model

Tfe engine friction torque generated by
the (P–o) method based on the
estimated yme

and _yme
by the non-

linear observer

Ti0

i represents the location of Oi0 and
the orientation of ðxi0 ; yi0 ; zi0 Þ with
respect to ðxi; yi; ziÞ

T
j
j�1 4� 4 matrix defining the origin and

orientation of the jth coordinate
system with respect to the (j–1)th
frame in the nominal rigid body
configuration of the crankshaft

T lb, T load friction torque of the loaded bearings
and engine load torque, respectively

Vp, m piston velocity and dynamic viscos-
ity of the oil, respectively

W cr, W cs out-of-plane transverse deformations
of the connecting-rod and the
crankshaft, respectively

ðx
3̄
0 ; y

3̄
0 ; z

3̄
0 Þ represents a floating coordinate sys-

tem whose origin is fixed at z3 ¼

L3=2
ðx60e

; y60e ; z6
0
e
Þ represents a floating coordinate

system whose origin is fixed at x6 ¼

L6

y,b,g angular displacements of the crank-
shaft, the connecting rod and the
piston, respectively

f, Fi torsional vibration and ith eigen-
function of the crankshaft, respec-
tively

ym; q1m
; q2m

variables simulating the measured
angular displacement along with
the first and second elastic mode
of the crankshaft

ō
� j rotation vector of the jth rigid body
ð Þcr; ð Þcs ‘‘cr’’ and ‘‘cs’’ subscripts refer to

variables associated with the con-
necting-rod and the crankshaft,
respectively

ð Þcwi a ‘‘cwi’’ subscript indicates a vari-
able associated with the ith counter-
weight

ð Þe; ð Þm ‘‘e’’ and ‘‘m’’ subscripts indicate
estimated and measured values of
the state variable, respectively

ð Þfl; ð Þgr ‘‘fl’’ and ‘‘gr’’ subscripts denote vari-
ables associated with the flywheel and
the crank gear, respectively

ð Þp; ð Þpr ‘‘p’’ and ‘‘pr’’ subscripts refer to
variables associated with the piston
and the piston rings, respectively

ð Þsk a ‘‘sk’’ subscript refers to a variable
associated with the piston skirt
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1. Introduction

Frictional losses of reciprocating and rotating engine components have a significant effect on
the overall engine performance. Common approaches for determining the average value of these
losses over the entire engine cycle are the Willan line method, the Morse method and the indicated
work method. These techniques are limited in their scope of application to steady-state modes of
operation of the engine [1].
Other approaches such as the ‘‘movable bore’’ method [2] and the ‘‘fixed sleeve’’ method [3]

have been developed to provide direct measurement of the instantaneous frictional losses of the
piston-ring assembly. Both techniques require extensive modifications of the engine structure and
suffer from the problem of separating the friction force from all other forces that might be exerted
on the system such as the gas force and the inertial forces.
The instantaneous mean effective pressure (IMEP) method [4] yields indirect measurement of

the instantaneous piston-ring assembly frictional losses. This approach requires accurate
measurements of the connecting-rod force, the cylinder gas pressure and the crankshaft angular
velocity. It is based on a simplified rigid body model of the piston and a portion of the connecting-
rod.
Similarly, the (P2o) method [5] represents a model-based approach in which the instantaneous

friction torque of the engine is computed by relying on a rigid body model of the piston-assembly/
connecting-rod/crankshaft mechanism. This methodology requires accurate measurements of the
cylinder gas pressure, the engine load torque, the crankshaft angular position and its time
derivatives.
The salient feature of both the (P–o) method and the IMEP technique stems from the fact that

they do not require structural modifications of the engine. They are both applicable under
transient and steady-state modes of operation of the engine. Furthermore, they can be
implemented under either motoring or firing engine conditions. Note that these schemes have
no provision in their formulations to account for the structural deformations of the crank-slider
mechanism. However, the measurement of the rotary motion of the crankshaft, needed for the
implementation of these methods, is usually obtained by using an optical encoder. The latter emits
a signal reflecting the measurement noise, the contribution of the higher order dynamics of the
system along with the rigid body behavior of the crankshaft. As a consequence, both schemes
have lead to erroneous results by yielding positive numerical values for the friction force/torque
during specific periods of the engine cycle. Moreover, the friction curve is shown to become hardly
recognizable at high engine speeds due to the effects of inertial forces and the crank-slider
structural deformations. Chalhoub and his co-workers [6] have demonstrated that the accuracy of
the (P–o) method can be significantly improved if the measured angular displacement and its time
derivatives can be modified to solely represent the rigid body motion of the crankshaft.
A low-pass filter is commonly used on the crankshaft angular velocity in order to attenuate the

noise level and the unwanted contribution of the higher order dynamics of the system. The use of
a filtered angular velocity in the (P–o) method has been examined in Ref. [7] and found to yield
unacceptable estimation of the engine friction torque. This is because the nonlinearities of the
crank-slider mechanism have introduced superharmonic and combination resonance frequencies
in the angular displacement of the crankshaft. The use of a low-pass filter causes severe
attenuation in the superharmonic resonance frequencies, which constitute an important part of
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the rigid body behavior of the crankshaft that is needed by the (P–o) method to accurately predict
the engine friction torque. Moreover, the filtered signals would still be contaminated by the
combination resonance frequency components appearing in the low-frequency range, which is
commonly assumed to be dominated by the frequency components of the rigid body motion of the
crank-slider mechanism. Therefore, the nonlinearities of the system have rendered the low-pass
filter technique to be inapplicable. This is because the filtered angular velocity signal does not
accurately represent the actual rigid body motion of the crankshaft.
To overcome this difficulty, Taraza and his co-workers [8] mounted two optical encoders to

measure the angular displacements at both ends of the crankshaft. These measurements are then
used along with a lumped mass model of the crank-slider mechanism to extract the rigid body
angular velocity of the crankshaft. The latter is then implemented in the (P–o) method to
determine the engine friction torque. This procedure has significantly improved the accuracy of
the (P–o) method. However, its drawback stems from the fact that it can only be applied under
steady-state mode of operation of the engine and cannot take into consideration more than one
elastic mode of the crankshaft.
The focus of the current work is to enhance the accuracy of the (P–o) method, in determining

the instantaneous engine friction torque, by relying on estimated rather than measured angular
displacement of the crankshaft and its time derivatives. It should be stressed that this approach is
consistent with recent studies that preferred estimated state variables over measured ones in order
to improve the performance of the controller [9] or to reduce the effect of observation spillover in
the active control of flexible structures [10]. To achieve our goal, a nonlinear robust observer is
developed herein to estimate the rigid and flexible motions of the crankshaft in the presence of
both structured and unstructured uncertainties of the system [11–14]. Moreover, the structure of
the proposed observer allows for the simultaneous estimation of several elastic modes of the
crankshaft.
Several observer design methodologies, based on the variable structure systems (VSS) theory,

have been proposed for a large class of dynamical systems with bounded nonlinearities and/or
uncertainties [11–14]. These observers do not require exact knowledge of the plant and their
design is solely based on knowing the upper bounds of the system uncertainties and/or
nonlinearities.
Walcott and Zak [11] developed a variable structure observer for systems with observable linear

parts and bounded nonlinearities and/or uncertainties. Slotine et al. [12] proposed sliding
observers for general nonlinear systems. They discussed in detail the design procedure of VSS
observers for nonlinear systems expressed in the companion form. Furthermore, they provided a
general guidance on how to determine the gains of sliding mode observers for nonlinear systems
expressed in the general form. The estimator, developed in the current study, consists of a VSS
observer having a structure similar to the one proposed by Slotine et al. [12] for general nonlinear
systems.
The physical system considered in this study consists of a piston-assembly/connecting-rod/

crankshaft mechanism for a single cylinder engine. The dynamic model of the system is described
in the following section. Subsequently, the proposed nonlinear robust observer is presented. In
Section 4, the performance of the observer, in accurately estimating the rigid and flexible motions
of the crank-slider mechanism in the presence of disturbances and model imprecision, is assessed.
In Section 5, the procedure for determining the instantaneous engine friction torque based on the
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(P–o) method is presented. In addition, the digital simulation results, presented in Section 5,
demonstrate the enhancement in the accuracy of the (P–o) method that can be realized by
computing the instantaneous friction torque based on estimated rather than measured rigid body
motion of the crankshaft. Finally, the work is summarized and the main contributions are
highlighted.
2. Dynamic model of the crank-slider mechanism

A detailed model is used herein to determine the combined rigid and flexible motions of the
piston-assembly/connecting-rod/crankshaft mechanism for a single cylinder four-stroke internal
combustion engine (see Fig. 1). The derivation ignores the piston slap and the piston tilting. It
treats the piston as a rigid body and computes the instantaneous friction torque, Tf , based on the
engine component friction formulations derived by Rezeka and Henein [15]. It should be
emphasized that any other engine friction model could have equally served the purpose of this
study. Furthermore, the results generated by the detailed model are used in this study as a basis
for comparison and they are referred to throughout the manuscript as the ‘‘exact’’ results.
The model takes into consideration the first three elastic modes for each of the torsional vibration,

f, and the out-of-plane transverse deformation, W cs, of the crankshaft. Note that f and W cs are
highly coupled. For any two adjacent beam elements of the crankshaft (see Fig. 1), what may
constitute the torsional vibration of one element becomes the slope of the transverse deformation of
the other. The structural flexibility terms are discretized by using the assumed modes method [16].
The admissible functions in the f and W cs approximations are selected to be the eigenfunctions of
the crankshaft, including the counterweights, the flywheel and the crank gear [17,18].
Since the connecting-rod is stiffer than the crankshaft then only the first elastic mode of its out-

of-plane transverse deformation, W cr, is included in the derivations. The admissible function used
in the approximation of W cr is considered to be the eigenfunction of a pinned–pinned beam,
which is readily available in the literature [19].
The extended absolute position vectors of any point on the ith beam element of the crankshaft,

the connecting-rod as well as the mass center of the piston can be expressed as

r
�

ðiÞ

cs

T
1j

� �T

¼ P
i

j¼1
T

j
j�1

� �
Ti0

i fxi0yi00j1g
T, (1)

r
�

T

cr
1j

� �T

¼ T3
0T

3̄
0

3 T6

3̄
0T60

6 f0y60z60 j1g
T, (2)

r
�

T

p
1j

� �T

¼ T3
0T

3̄
0

3 T6

3̄
0T

60e
6 T7

60e
fx�7y�7z�7j1g

T. (3)

Next, the kinetic and potential energy expressions are determined from

K:E: ¼
1

2

X5
i¼1

Z
mi

_rðiÞcs
�

:_rðiÞcs
�

dmi þ
1

2

X
j

ðmj _rj
�

:_rj
�

þ ōT
j
�

Ī jō j
�

Þ þ
1

2

Z
mcr

_rcr
�

:_rcr
�

dmcr, (4)
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Fig. 1. Schematic of the piston-assembly/connecting-rod/crankshaft mechanism.
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P:E: ¼
1

2

X5
i¼1

Z Li

0

EIiðW cs;zizi
Þ
2 dzi þ

Z Li

0

GJiðf;zi
Þ
2 dzi

� �
þ
1

2

Z L6

0

EI6ðW cr;x6x6
Þ
2 dx6

þ
X5
i¼1

Z Li

0

rAig I
�
:rðiÞcs
�

dzi þ

Z L6

0

rA6g I
�
:rcr
�
dx6 þ

X
j

ðmjg I
�
:rj
�

Þ

j ¼ fl; cwl; cw2; gr; p, ð5Þ

where the datum line is considered to coincide with the inertial Z-axis (see Fig. 1). The virtual
work done by the nonconservative generalized forces is

dWNC ¼ � PgasAp I
�
:drp

�

þ

Z L2

0

F ð2Þaxf : �
1

2
dðW 2

cs;z2
Þ k2f

" #8<:
9=;dz2

þ

Z L4

0

F ð4Þaxf : �
1

2
dðW 2

cs;z4
Þ k4f

" #8<:
9=;dz4 þ

Z L6

0

F ð6Þaxf : �
1

2
dðW 2

cr;x6
Þi6f

" #8<:
9=;dx6 þ dW f

� T load K
�
: �dW cs;z5 i5fþW cs;z5dy j5fþðdyþ dfÞ k5f
24 35

z5¼L5

, ð6Þ

where the terms involving F ðiÞaxf reflect the stiffening effect induced by the centripetal acceleration of

the system. dW is the virtual work done by the friction forces and torques. It is defined as follows
f

dW f ¼ � ðF rm þ F rvÞd T7
0ðx
�
pry
�
prz
�
prj1Þ

T
h i

� Fvtd T7
0ðx
�
7y�7z�7j1Þ

T
� �

� F skd T7
0ðx
�
sky�skz�skj1Þ

T
� �

� ðTa þ T lbÞ dyþ
1

2
df z1 ¼

L1

2

� �
þ
1

2
df z5 ¼

L5

2

� �� �
. ð7Þ

Note that the expressions for the friction forces and torques are adopted from the work done by
Rezeka and Henein [15] (see Table 1).
Three coordinates y, b and g have been used herein to represent the rigid body motion of the

crank-slider mechanism. To deal with the superfluous coordinates, the following two constraint
equations are imposed to prevent the piston from tilting or from moving away from the centerline
of the cylinder in the J

�
-direction:

ōpf : k7f ¼ 0 and r�pfðtÞ: J� ¼ const. (8)

The equations of motion of the crank-slider mechanism are obtained by implementing the
Lagrange principle. They consist of seven nonlinear, coupled, stiff, second-order ordinary
differential equations, which can be written in the following compact form:

Mðq
�
Þ €q
�
þF
�
ðq
�
; _q
�
Þ ¼ Q

�

NC þ sT1 ðq
�
Þ l
�
, (9)

where q
�
is defined to be (y, b, g, q1, q2, q3, q4)

T. s1 is obtained by differentiating the constraint
equations with respect to time and by writing the results as
s1 €q
�
þ s2 ¼ 0

�
. (10)
f
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Table 1

Frictional losses of the engine components

Ring

Boundary-mixed F rm ¼ 0:252pDncrgwcrgðPþ Pe;crgÞð1� jSinðyÞjÞ

270�pyp450�

Viscous lubrication F rv ¼ 23:0½mjVpjwcrgðPþ Pe;crgÞ�
1=2ð1:4ncrgÞD

Skirt F sk ¼ mVpDLskirt=h

Valve train Fvt ¼ 0:26nvalveSL=
ffiffiffi
_y

p
Auxiliaries and unloaded bearings Ta ¼ 9:6m y

:

Loaded bearings T lb ¼ 0:5ðp=4ÞD2PjCosðyÞjðd1=2Þ=
ffiffiffi
_y

p
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The Lagrange multiplier vector, l
�
, is determined by implementing the scheme in Ref. [20]. It can

be computed from

l
�
¼ �ðs1M

�1sT1 Þ
�1 s2fþs1M

�1 Q
�

NC � F
�

0@ 1A24 35. (11)

The equations of motion are converted in this study to a set of 14 first-order ordinary
differential equations, which can be written as

_x
�

14�1

¼ f
�

14�1

ðx
�
ðtÞ;Pgas;T loadÞ ¼

_q
�

7�1

M�1ðq
�
ðtÞÞ �F

�
ðq
�
; _q
�
Þ þQ

�

NC þ sT1 ðq
�
Þ l
�

8<:
9=;

0BBBBB@

1CCCCCA. (12)

The state vector, x
�
ðtÞ, is defined to be ½q

�

T _q
�

T�T. No closed form solution exists for these

equations. Instead, they are solved numerically by using the Gear method with a variable-time

step [21], which is well suited for stiff systems. The reader is referred to Ref. [17] for further details
on the dynamic model of the crank-slider mechanism.
3. Design of a nonlinear observer

The robust nonlinear observer is designed herein to estimate yðtÞ; q1ðtÞ; q2ðtÞ and their time
derivatives in the presence of disturbances and model uncertainties. To achieve this goal, a
nominal reduced order model of the crank-slider mechanism has been used in the design of the
observer. This model ignores the third elastic mode of the crankshaft and treats the connecting-
rod as a rigid body. The rationale is to examine the effects of unstructured uncertainties on the
performance of the observer.
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The Lagrange multipliers are approximated based on the rigid body equations of the crank-
slider mechanism. Their expressions are determined from Eq. (11) after deleting all the entries and
the terms associated with the structural flexibility of the system. Furthermore, the approximate
expressions for the superfluous coordinates b, g and their time derivatives with respect to y, _y and
€y have been obtained from the rigid body constraint equations, which are determined from Eq. (8)
after setting all the structural flexibility terms to zero. The derived approximate expressions are
then used to eliminate l

�
along with b, g and their time derivatives from the y, q1 and q2 equations,

which are obtained from Eq. (9) after deleting all the terms involving q3, q4 and their time
derivatives. The resulting y, q1 and q2 equations are then converted to the following six first-order
ordinary differential equations representing the state equations of the nominal model:

_̂xr
�
ðtÞ ¼ f̂

�
ðx̂r
�
;Pgas;T loadÞ, (13)

where x̂r
�

is defined to be ½y; q1; q2;
_y; _q1; _q2�

T. Moreover, to further increase the structured

uncertainties of the nominal model, all its parameters have been assigned numerical values that

are 20% less than their exact values.
In designing the observer, the crankshaft motion is assumed to be measured at three different

locations. This can be done by mounting an optical encoder at each end of the crankshaft and by
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Fig. 2. Cylinder gas force.
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using a noncontacting transducer to measure the torsional vibration at the first crankjournal.
Therefore, the independent measurements, yi’s, can be expressed as

y1ðtÞ ¼ yðtÞ þ
Xn

i¼1

Fiðz1 ¼ 0ÞqiðtÞ, (14a)

y2ðtÞ ¼ yðtÞ þ
Xn

i¼1

Fiðz5 ¼ L5ÞqiðtÞ, (14b)

y3ðtÞ ¼
Xn

i¼1

Fiðz
�
1ÞqiðtÞ. (14c)

In the detailed model, n is assumed to be 3. However, the nominal model, used in the design of
the estimator, only accounts for the first two elastic modes of the crankshaft. As a consequence,
the measured signals can be related to the state variables of the nominal model through the
Fig. 3. First elastic mode of the crankshaft from case 1. (a) Exact (——) and measured (yy), (b) measured (——) and

estimated (yy).
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following approximate relationships:

y1

y2

y3

0BB@
1CCA ¼

1 F1ðz1 ¼ 0Þ F2ðz1 ¼ 0Þ

1 F1ðz5 ¼ L5Þ F2ðz5 ¼ L5Þ

0 F1ðz
�
1Þ F2ðz

�
1Þ

2664
3775

xr1m
¼ ym

xr2m
¼ q1m

xr3m
¼ q2m

0BB@
1CCA ¼ C̄

xr1m

xr2m

xr3m

0BB@
1CCA

)

xr1m

xr2m

xr3m

0BB@
1CCA ¼ C̄

�1

y1

y2

y3

0BB@
1CCA. ð15Þ

This approximation is justified when the contribution of the higher order dynamics is
sufficiently small. It should be pointed out that the C matrix is nonsingular because the three
measurements are independent signals. Moreover, the following expressions for _ym; _q1m

and _q2m

have been used in this study for the sole purpose of establishing a basis for comparison for the
Fig. 4. Second elastic mode of the crankshaft from case 1. (a) Exact (——) and measured (yy), (b) measured (——)

and estimated (yy).
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estimated _ye; _q1e
and _q2e

:

xr4m

xr5m

xr6m

0B@
1CA ¼

_ym

_q1m

_q2m

0BB@
1CCA ¼ C̄

�1

_yþ
P3
i¼1

Fiðz1 ¼ 0Þ _qiðtÞ

_yþ
P3
i¼1

Fiðz5 ¼ L5Þ _qiðtÞ

P3
i¼1

Fiðz
�
1Þ _qiðtÞ

0BBBBBBBBB@

1CCCCCCCCCA
. (16)

In this work, the following three sliding surfaces are selected:

s19ye � ym ¼ x̂r1 � xr1m
¼ ~xr1, (17a)

s29q1e
� q1m

¼ x̂r2 � xr2m
¼ ~xr2, (17b)

s39q2e
� q2m

¼ x̂r3 � xr3m
¼ ~xr3. (17c)
Fig. 5. Angular velocity of the crankshaft from case 1. (a) Exact (——) and measured (yy), (b) measured (——) and

estimated (yy).
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By adopting the observer structure developed by Slotine and co-workers in Ref. [12], the vector
state equation of the estimator is obtained by modifying Eq. (13) as follows :

_̂xr
�
ðtÞ ¼ f̂

�
x̂r
�
;Pgas;T load

0@ 1A� k̄6�3

~xr1

~xr2

~xr3

0B@
1CA� k6�3

sgnð ~xr1Þ

sgnð ~xr2Þ

sgnð ~xr3Þ

0B@
1CA. (18)

Consequently, the estimation error vector equation becomes

_~xr
�
ðtÞ ¼ Df r

�
�k̄6�3

~xr1

~xr2

~xr3

0B@
1CA� k6�3

sgnð ~xr1Þ

sgnð ~xr2Þ

sgnð ~xr3Þ

0B@
1CA, (19)

where

Df r
�
¼ ~xr4 ~xr5 ~xr6 Df r4 Df r5 Df r6

h iT
¼ x̂r4 � x8 x̂r5 � x11 x̂r6 � x12 f r4 � f 8 f r5 � f 11 f r6 � f 12

h iT
. ð20Þ
Fig. 6. _q1 of the crankshaft from case 1. (a) Exact (——) and measured (yy), (b) measured (——) and estimated

(yy).
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The time derivative of the ith sliding surface can be expressed as

_si ¼ ~xrðiþ3Þ �
X3
j¼1

k̄ij ~xrj �
X3
l¼1

kil sgnð ~xrlÞ i ¼ 1; 2; and 3. (21)

It should be pointed out that the off-diagonal terms in k have been set to zero in the current
study. The diagonal entries k11, k22 and k33 are selected to satisfy the following sliding conditions:

1

2

d

dt
s2i ~xr

�
; t

0@ 1Ap� Zijsij i ¼ 1; 2; and 3. (22)

In addition, the kii terms must be positive so that the switching terms, �kii sgnð ~xriÞ’s, can force
the system to remain on the sliding surfaces in the presence of both model imprecision and
disturbances. This has led to the following expressions for the kii terms:

kiiXZi þ
X3
j¼1

jk̄ij ~xrjj þ j ~xriþ3j i ¼ 1; 2; and 3. (23)
Fig. 7. _q2 of the crankshaft from case 1. (a) Exact (——) and measured (yy), (b) measured (——) and estimated

(yy).
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When the system is located on the sliding surface, its dynamics are governed by

_s
�
¼ ðr s

�
Þ _~xr
�
¼ I3�3 03�3
� �

_~xr
�
¼ C Df r

�
�k̄

~xr1

~xr2

~xr3

0B@
1CA� k

sgnð ~xr1Þ

sgnð ~xr2Þ

sgnð ~xr3Þ

0B@
1CA

264
375 ¼ 0

�
(24)

Ideally, ~xri must be zero when the system is located on the ith sliding surface. However, due to
disturbances and model uncertainties, the system may leave the sliding surface; thus, causing ~xri

to become different than zero. Ignoring the terms associated with k̄, the sgnð ~xriÞ terms can be
written as

sgnð ~xr1Þ sgnð ~xr2Þ sgnð ~xr3Þ½ �
T
¼ ðCkÞ�1C Df r

�
. (25)
Fig. 8. First elastic mode of the crankshaft from case 2. (a) Exact (——) and measured (yy), (b) measured (——) and

estimated (yy).
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Combining Eqs. (19) and (25), the vector error equation, describing the system behavior during
the sliding mode, becomes

_~xr
�
¼ ðI � kðCkÞ�1CÞDf r

�

¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 � k41

k11
� k42

k22
�

k43

k33

0 0 0 � k51

k11
� k52

k22
� k53

k33

0 0 0 � k61

k11
� k62

k22
� k63

k33

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
~xr
�
þ

1 0 0

0 1 0

0 0 1

0BB@
1CCA

Df r4

Df r5

Df r6

8>><>>:
9>>=>>;. ð26Þ

In this study, all off-diagonal terms in the above equation have been set to zero. Therefore, for
an asymptotically stable response of the homogeneous parts of the ~xr4; ~xr5 and ~xr6 differential
Fig. 9. Second elastic mode of the crankshaft from case 2. (a) Exact (——) and measured (yy), (b) measured (——)

and estimated (yy).
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equations, k41=k11, k52=k22 and k63=k33 must be positive. However, according to Eq. (23), the kii

terms take on positive numerical values. This causes k41, k52 and k63 to be positive.
Due to the unavailability of ~xr4; ~xr5 and ~xr6, a feedforward compensation is implemented

herein based on upper bounds of modeling uncertainties and error variables. For instance, in the
computation of the kii gains as defined in Eq. (23), both Zi and k̄ij are considered to be known
quantities because they are assigned by the designer. Moreover, ~xr1; ~xr2 and ~xr3 are available
through direct measurements. The remaining unknown terms ~xr4; ~xr5 and ~xr6 are selected to be
the desired upper bounds of the error in the estimation of xr4; xr5 and xr6. This yields the
following expression for the kii gain term:

kii upper_boundXZi þ
X3
j¼1

jk̄ij ~xrjj þ j ~xriþ3jdesired upper_bound i ¼ 1; 2; and 3. (27)

Similarly, k41, k52 and k63 are determined as follows:

kðiþ3ÞðiÞupper_bound ¼ kiiupper_bound

Educated guess on ðDf rðiþ3ÞÞmax

ð ~xrðiþ3ÞÞdesired upper_bound

i ¼ 1; 2; and 3. (28)

Note that k̄, has been treated thus far as a known quantity. It represents the Luenberger
observer gain matrix, which is determined based on the Ā and B̄ matrices obtained by linearizing
Fig. 10. Angular velocity of the crankshaft from case 2. (a) Exact (——) and measured (yy), (b) measured (——) and

estimated (yy).
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Eq. (13) around x̂re
�
¼ 0
�
: It should be stressed that the k̄ ½ ~xr1 ~xr2 ~xr3 �

T term provides additional
corrective action that aids the system in reaching the sliding surface.
4. Assessment of the observer in estimating the rigid and flexible motions of the crankshaft

Throughout this work, a constant load torque and a force, based on experimental data of a
cylinder gas pressure, have been used (see Fig. 2). Both T load and Pgas are used in the detailed model,
described in Section 2, to determine the exact values for the friction torque, Tf , and the combined
rigid and flexible motions of the crank-slider mechanism. It should be emphasized that the exact
values are used herein as a base for comparison in the assessment of the observer. Moreover, they are
needed for determining the measured signals, yi’s, which are defined in Eqs. (14) and (16).
Two cases, reflecting transient operating conditions that involve a decrease in the engine speed,

have been considered in the assessment of the observer performance. The initial conditions, selected
in both cases, for the detailed model and the nominal model of the crank-slider mechanism are:

Case 1 ð700 rpmÞ : x
�
ð0Þ ¼ 0; 0; 0; 0; 0; 0; 0; 73:3; 98:04; 24:74; 0; 0; 0; 0ð Þ

T

xr
�
ð0Þ ¼ ð0; 0:00005; 0:00005; 100; 0; 0ÞT

(29a)
Fig. 11. _q1 of the crankshaft from case 2. (a) Exact (——) and measured (yy), (b) measured (——) and estimated

(yy).
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Case 2 ð1432 rpmÞ : x
�
ð0Þ ¼ ð0; 0; 0; 0; 0; 0; 0; 150; 200:63; 50:63; 0; 0; 0; 0ÞT

xr
�
ð0Þ ¼ ð0; 0:00005; 0:00005; 125; 0; 0ÞT

(29b)

Case 1 corresponds to an initial engine speed of 700 rpm. Its results are shown in Figs. 3–7. Note
that part (a) of each figure provides a comparison between the exact value of the state variable, as
generated by the detailed model of the crank-slider mechanism, and its ‘‘measured’’ counterpart as
defined by Eqs. (15) and (16). The deviations of q1m

; q2m
; _ym; _q1m

and _q2m
from their exact values

illustrate the errors introduced in the ‘‘measured’’ state variables by ignoring the higher order
dynamics of the crankshaft. Moreover, parts (b) of Figs. 3–7 reveal a rapid convergence of
q1e
; q2e

; _ye; _q1e
and _q2e

to their respective ‘‘measured’’ state variables; thus, demonstrating a good
and robust performance of the observer in the presence of both structured and unstructured
uncertainties.
Case 2 corresponds to an initial engine speed of 1432 rpm, which is significantly higher than the

one considered in case 1. The results are shown in Figs. 8–12. They exhibit a similar trend in the
performance of the observer as in the previous case. Note that the rapid convergence rate of the
observer was preserved in case 2 in spite of larger uncertainties, higher inertial forces and larger
structural deformations than those encountered in case 1.
Fig. 12. _q2 of the crankshaft from case 2. (a) Exact (——) and measured (yy), (b) measured (——) and estimated

(yy).
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Fig. 13. Proposed scheme for implementing a nonlinear observer to enhance the accuracy of the (P2o) method.

Fig. 14. Instantaneous friction torques generated by the detailed model, Tf (——), and by the (P2o) method based on

measured state variables, Tfc (yy), from case 1.
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5. Enhancement of the accuracy of the (P–x) method by the implementation of a nonlinear observer

The (P2o) method determines the instantaneous engine friction torque based on the measured
cylinder gas pressure, the engine load torque, the angular displacement of the crankshaft and its
time derivatives. Its formulation, which is inserted in the lower block of Fig. 13, is obtained from
the rigid body model of the crank-slider mechanism. By implementing the substitution method to
eliminate the superfluous b and g coordinates, the rigid body model of the crank-slider mechanism
can be reduced to the following differential equation in y:

JðyÞ€yþ F̄ ðy; _yÞ ¼ GðPgas;T loadÞ þ Tf , (30)

where all the friction terms are represented by Tf . The (P2o) method uses the above equation as
an algebraic one to compute the instantaneous engine friction torque. The substitution of the
measured Pgas;T load; y and its time derivatives into Eq. (30) renders all the terms to become
known quantities except for Tf . It should be stressed that the (P2o) method does not have any
provision in its formulation to account for the structural deformations. Therefore, the numerical
values of y and its derivatives, needed for the computation of the friction torque, should solely
represent the rigid body motion of the crankshaft. Otherwise, this method would lead to
Fig. 15. Instantaneous friction torques generated by the detailed model, Tf (——), by the (P2o) method based on

exact state variables, Tfa (- - - - ), and by the (P2o) method based on estimated state variables, Tfe (yy), from case 1.
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Fig. 16. Instantaneous friction torques generated by the detailed model, Tf (——), by the (P2o) method based on

exact state variables, Tfa (- - - - ), and by the (P2o) method based on estimated state variables, Tfe (yy), from case 2.
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erroneous friction results as shown in Fig. 14 [6]. Note that the curve Tf represents the exact
engine friction torque generated by the detailed model of the crank-slider mechanism. It is used
herein as a basis for comparison. Whereas, Tfc is the engine friction torque determined by using
the measured angular displacement of the crankshaft, y1, and its time derivatives in the (P2o)
method. Fig. 14 shows that Tfc undergoes large oscillations around Tf , which causes it to assume
positive numerical values.
To address this problem, the nonlinear observer, inserted in the center block of Fig. 13, is used

in this work to provide accurate estimates of y and its derivatives. Figs. 5 and 10 illustrate a rapid
convergence of _ye to _ym in both cases 1 and 2. Similar trend of rapid convergence has been
observed between ye and ym. However, these results are not shown here due to the limited space.
Figs. 15 and 16 illustrate the instantaneous friction torques corresponding to cases 1 and 2,
respectively. Note that both Tfa and Tfe curves are determined by the (P2o) method. The former
was computed based on y and its time derivatives, as generated by the detailed model of the crank-
slider mechanism, while the latter was determined based on the estimated state variables. Figs. 15
and 16 reveal slight differences between Tfa and Tfe. However, they demonstrate that the
difference between Tf and the other friction curves becomes more pronounced in case 2 than in
case 1. This is because the detailed model, based on which Tf is generated, retains all the coupling
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terms between the rigid and flexible motions. However, both Tfa and Tfe are determined by the
(P2o) method, which only accounts for the rigid body motion of the crank-slider mechanism.
The effects of the flexible motion on the rigid body motion, which are ignored in the (P2o)
method, become increasingly important as the engine speed is increased. This is clearly manifested
by the oscillations of Tfa and Tfe around Tf , whose magnitudes become significantly larger as the
engine speed increases from 700 rpm in case 1 to 1432 rpm in case 2.
6. Summary and conclusions

A nonlinear sliding mode observer has been developed in this study to accurately estimate the
rigid and flexible motions of the piston-assembly/connecting-rod/crankshaft mechanism of a
single cylinder engine. The observer is designed to yield a robust performance in the presence of
both structured and unstructured uncertainties.
The digital simulation results illustrate the robust performance of the observer through the

rapid convergence of the estimated state variables to the actual ones. This performance was
demonstrated under transient operating conditions representing a decrease in the engine speed.
Moreover, the simulation results have proven that the use of the estimated rather than the

measured angular displacement of the crankshaft and its time derivatives can significantly
improve the accuracy of the (P2o) method in determining the instantaneous engine friction
torque.
Future steps will involve experimental work aimed at validating the theoretical results presented

in the current study.
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